Abstract. We investigate the K-theory of unital UCT Kirchberg algebras Q S arising from families S of relatively prime numbers. It is shown that K * (Q S ) is the direct sum of a free abelian group and a torsion group, each of which is realized by another distinct C * -algebra naturally associated to S. The C * -algebra representing the torsion part is identified with a natural subalgebra A S of Q S . For the K-theory of Q S , the cardinality of S determines the free part and is also relevant for the torsion part, for which the greatest common divisor g S of {p − 1 : p ∈ S} plays a central role as well. In the case where |S| ≤ 2 or g S = 1 we obtain a complete classification for Q S . Our results support the conjecture that A S coincides with ⊗ p∈S Op. This would lead to a complete classification of Q S , and is related to a conjecture about k-graphs.
Introduction
Suppose S is a non-empty family of relatively prime natural numbers and consider the submonoid of N × generated by S. Its action on Z by multiplication can be represented on 2 (Z) by the bilateral shift U and isometries (S p ) p∈S defined by U ξ n = ξ n+1 and S p ξ n = ξ pn . The associated C * -algebra C * U, (S p ) p∈S admits a universal model Q S that is generated by a unitary u and isometries (s p ) p∈S , subject to By results of [KOQ14] or [Sta15] , Q S is isomorphic to C * U, (S p ) p∈S and belongs to the class of unital UCT Kirchberg algebras. In view of the Kirchberg-Phillips classification theorem [Kir, Phi00] , the information on S encoded in Q S can therefore be read off from its K-theory.
In special cases, Q S and its K-theory have been considered before: If S is the set of all primes, then Q S coincides with the algebra Q N from [Cun08] and it follows that K i (Q S ) = Z ∞ for i = 0, 1 and [1] = 0. The other extreme case, where S = {p} for some p ≥ 2, appeared already in [Hir02] : Hirshberg showed that (K 0 (Q {p} ), [1] , K 1 (Q {p} )) = (Z⊕Z/(p−1)Z, (0, 1), Z). This result was recovered later in [Kat08] and [CV13] as a byproduct. Note that Q {p} coincides with Katsura's algebra O(E p,1 ), see [Kat08, Example A.6 ]. Moreover, Larsen and Li analyzed the situation for p = 2 in great detail, see [LL12] . The similarities and differences among these known cases raise several questions:
(i) Is K 1 (Q S ) always torsion free? (ii) Is 2 ∈ S the only obstruction to torsion in K 0 (Q S )? (iii) What is the K-theory of Q S in the general case of |S| ≥ 2? (iv) What does Q S ∼ = Q T reveal about the relationship between S and T ?
Through the present work, we provide a complete description in the case of |S| = 2, for which the K-theory of Q S satisfies
where g S = gcd({p − 1 : p ∈ S}), see Theorem 6.1 (c). Thus we see that the first two questions from above have a negative answer (for instance, consider S = {3, 5} and S = {5, 6}, respectively). More generally, we completely determine K * (Q S ) in the case of |S| ≤ 2 or g S = 1, see Theorem 6.1, and conclude that Q S ∼ = Q T if and only if |S| = |T | and g S = g T in this case. In addition, Theorem 6.1 substantially reduces the problem in the remaining case of |S| ≥ 3 and g S > 1. Thereby we also make progress towards a general answer to the remaining questions (iii) and (iv) from above. In order to prove Theorem 6.1, we first compare the stabilization of Q S to the C * -algebra C 0 (R) N H, where N = Z { 1 p : p ∈ S} , H is the subgroup of Q × + generated by S, and the action comes from the natural ax + b-action of N H on R, see Section 3. This approach is inspired by methods of Cuntz and Li from [CL11] . However, the final part of their strategy is to use the Pimsner-Voiculescu sequence iteratively, see [CL11, Remark 3.16] , and depends on having free abelian K-groups, which does not work in our situation. Instead, we show that K * (Q S ) decomposes as a direct sum of a free abelian group and a torsion group, both arising in a natural way from two distinguished C * -algebras related to Q S , see Theorem 4.4 and Corollary 4.7. The determination of the torsion free part of K * (Q S ) uses a homotopy argument, and thereby benefits heavily from the comparison with real dynamics. This allows us to prove that the rank of the torsion free subgroup of K i (Q S ) equals 2 |S|−1 for both i = 0, 1, see Proposition 4.5.
The torsion subgroup of K * (Q S ) is realized by the semigroup crossed product M d ∞ e α H + , where d is the product of all primes dividing some element of S, H + is the submonoid of N × generated by S, and the action α is inherited from a semigroup crossed product description of Q S , see Corollary 4.7. Appealing to the recently introduced machinery for equivariantly sequentially split * -homomorphisms from [BaSz] , we show that M d ∞ e α H + is a unital UCT Kirchberg algebra, just like Q S , see Corollary 5.2. Quite intriguingly, this paves the way to identify M d ∞ e α H + with the subalgebra A S = C * ({u m s p : p ∈ S, 0 ≤ m ≤ p − 1}) of Q S , see Corollary 5.4. That is why we decided to name A S the torsion subalgebra. This C * -algebra is interesting in its own right as, for instance, it admits a model as the boundary quotient Q(U ) of a particular right LCM submonoid U of N H + , see Proposition 5.5. As explained in Remark 5.6, this gives rise to a remarkable diagram for the semigroup C * -algebras and boundary quotients related to the inclusion of right LCM semigroups U ⊂ N H + . With regards to the K-theory of A S and hence Q S , the k-graph description for finite S obtained in Corollary 5.8 is more illuminating: The canonical k-graph for A S has the same skeleton as the standard k-graph for p∈S O p , but uses different factorization rules, see Remark 5.9. It is apparent from the given presentation that A S is isomorphic to O p for S = {p}. If S consists of two relatively prime numbers p and q, then a result from [Eva08] shows that A S coincides with O p ⊗ O q . For the remaining cases, we extract vital information on A S by applying Kasparov's spectral sequence [Kas88] (see also [Bar] ) to the H + -action α on M d ∞ , see Theorem 6.4. More precisely, we obtain that A S is isomorphic to p∈S O p if |S| ≤ 2 or g S = 1. In the latter case, it actually coincides with O 2 . Additionally, we show that the order of every element in K * (A S ) divides g 2 |S|−2 S . As we remark at the end of this work, the same results can be obtained by employing the k-graph representation of A S and using Evans' spectral sequence [Eva08] for the K-theory of k-graph C * -algebras. In view of these results, it is very plausible that A S always coincides with p∈S O p . This would be in accordance with Conjecture 5.11, which addresses independence of K-theory from the factorization rules for k-graphs under certain constraints. If A S ∼ = p∈S O p holds for all S, and Actions, GIF Grant 1137-30.6/2011, ERC through AdG 267079, and the Villum Fonden project grant 'Local and global structures of groups and their algebras ' (2014-2018) . The second named author was supported by RCN through FRIPRO 240913. A significant part of the work was done during the second named author's research stay at Arizona State University, and he is especially grateful to the analysis group at ASU for their hospitality. He would also like to thank the other two authors of this paper for their hospitality during two visits to Münster. The third named author was supported by ERC through AdG 267079 and by RCN through FRIPRO 240362. We are grateful to Alex Kumjian for valuable suggestions.
Preliminaries
2.1. Notation and basics. Throughout this paper, we assume that S ⊂ N × \ {1} is a non-empty family of relatively prime numbers. We write p|q if q ∈ pN × for p, q ∈ N × . Given S, we let P := {p ∈ N × : p prime and p|q for some q ∈ S}. Also, we define d := p∈P p (which is a supernatural number in case S is infinite, see Remark 2.15) and g S to be the greatest common divisor of {p − 1 : p ∈ S}, i.e. g S := gcd({p − 1 : p ∈ S}).
Recall that N × is an Ore semigroup with enveloping group Q × + , that is, N × embeds into Q × + (in the natural way) so that each element q ∈ Q × + can be displayed as p −1 q with p, q ∈ N × . The subgroup of Q × + generated by S is denoted by H. Note that the submonoid of N × generated by S, which we refer to as H + , forms a positive cone inside H. As the elements in S are relatively prime, H + is isomorphic to the free abelian monoid in |S| generators. Finally, we let H k be the subgroup of H generated by the k smallest elements of S for 1 ≤ k ≤ |S|, and define H + k as the analogous submonoid of H + . Though the natural action of H + on Z given by multiplication is irreversible, it has a natural extension to an action of H by automorphisms, namely by acting upon the ring
that will be denoted by N . Within this context we will consider the collection of cosets
h ∈ N }. Definition 2.1. Q S is defined to be the universal C * -algebra generated by a unitary u and isometries (s p ) p∈S subject to the relations:
Observe that the notation e m+pZ is unambiguous, i.e. it does not depend on the representative m of the coset m + pZ, as 
In fact, u and (s p ) p∈S yield a representation of Z H + due to Definition 2.1 (i),(ii). b) Q S can also be defined as the universal C * -algebra generated by a unitary u and isometries (s p ) p∈H + subject to (ii), (iii) and
By a), we only need to show that (i') implies (i) for p = q. Note that (i') and (ii) imply that (iii) holds for all p ∈ H + . In addition, (iii) implies the following: If r ∈ S and k ∈ Z satisfy s * r u k s r = 0, then k ∈ rZ. As pq = qp and pZ ∩ qZ = pqZ, we get
Remark 2.3. The C * -algebra Q S has a canonical representation on 2 (Z): Let (ξ n ) n∈Z denote the standard orthonormal basis for 2 (Z). If we define U ξ n := ξ n+1 and S p ξ n := ξ pn , then it is routine to verify that U and (S p ) p∈S satisfy (i)-(iii) from Definition 2.1. Q S is known to be simple, see [Sta15, Example 3.29 (a) and Proposition 3.2] for proofs and Proposition 2.10 for the connection to [Sta15] . Therefore, the representation from above is faithful and Q S can be regarded as a subalgebra of B( 2 (Z)).
Remark 2.4. For the case of S = {all primes}, the algebra Q S coincides with Q N as introduced by Cuntz in [Cun08] . Moreover, S = {2} yields the 2-adic ring C * -algebra of the integers that has been studied in detail by Larsen 
m,n ⊗ u k to e m+pZ u m−n+pk . Given another q ∈ H + , the so constructed * -homomorphisms associated with p and pq are compatible with the embedding ι p,pq :
i+pk,j+pk ⊗ 1 and 1 ⊗ u → 1 ⊗ u q . The inductive limit associated with 
Another way to present the algebra Q S is provided by the theory of semigroup crossed products. Recall that, for an action β of a discrete, left cancellative semigroup T on a unital C * -algebra B by * -endomorphisms, a unital, covariant representation of (B, β, T ) is given by a unital * -homomorphism π from B to some unital C * -algebra C and a semigroup homomorphism ϕ from T to the isometries in C such that the covariance condition
) holds for all b ∈ B and t ∈ T . The semigroup crossed product B e β T is then defined as the C * -algebra generated by a universal unital, covariant representation (ι B , ι T ) of (B, β, T ). We refer to [LR96] for further details. Note that if T is a group, then this crossed product agrees with the full group crossed product B β T . Semigroup crossed products may be pathological or extremely complicated in some cases. But we will only be concerned with crossed products of left Ore semigroups acting by injective endomorphisms so that we maintain a close connection to group crossed products, see [Lac00] . With respect to Q S , we get isomorphisms is the universal C * -algebra generated by a unitary representation u of the group G and a representation s of the semigroup P by isometries subject to the relations:
else, [Sta15] for irreversible algebraic dynamical systems (G, P, θ) under mild assumptions, and even generalized to algebraic dynamical systems in [BrSt] , the range of the classifying invariant remained a mystery beyond the case of a single group endomorphism, where the techniques of [CV13] apply. It thus seemed natural to go back to examples of dynamical systems involving P = N k and try to understand the invariant in this case. In other words, our path lead back to Q S , and the present work aims at making progress precisely in this direction.
There is also an alternative way of constructing Q S directly from either of the semigroups N H + or Z H + using the theory of boundary quotients of semigroup C * -algebras. To begin with, let us note that (N H + , N H) forms a quasi lattice-ordered group. Hence we can form the Toeplitz algebra T (N H + , N H) using the work of Nica, see [Nic92] . But Z H + has non-trivial units, so it cannot be part of a quasi lattice-ordered pair. In order to treat both semigroups within the same framework, let us instead employ the theory of semigroup C * -algebras from [Li12] , which generalizes Nica's approach tremendously. We note that both N H + and Z H + are cancellative, countable, discrete semigroups with unit. Moreover, they are right LCM semigroups, meaning that the intersection of two principal right ideals is either empty or another principal right ideal (given by a right least common multiple for the representatives of the two intersected ideals). Thus their semigroup C * -algebras both enjoy a particularly nice and tractable structure, see [BLS16, BLS] . Additionally, both are left Ore semigroups with amenable enveloping group N H ⊂ Q Q × + . However, we would like to point out that N H + and Z H + are not left amenable (but right amenable) as they fail to be left reversible, see [Li12, Lemma 4.6] for details.
Roughly speaking, semigroup C * -algebras have the flavor of Toeplitz algebras. In particular, they tend to be non-simple except for very special situations. Still, we might hope for Q S to be a quotient of C * (N H + ) or C * (Z H + ) obtained through some systematic procedure. This was achieved in [LR96] (1 − e f T ) = 0 for all foundation sets F.
To emphasize the relevance of this approach, let us point out that right LCM semigroups are much more general than quasi lattice-ordered groups. For instance, right cancellation may fail, so right LCM semigroups need not embed into groups.
On the one hand, this notion of a quotient of a semigroup C * -algebra seems suitable as N H + and Z H + are right LCM semigroups. On the other hand, the abstract condition (2) prohibits an immediate identification of Q S with Q(N H + ) or Q(Z H + ). This gap has been bridged successfully through [BrSt] :
, and hence This multiplicative boundary quotient has been considered in [LN16, Subsection 6.5]. As it turns out, its K-theory is hard to compute for larger S as it leads to increasingly complicated extension problems of abelian groups. It is quite remarkable that there seems to be a deep common theme underlying the structure of the K-theory for both the multiplicative boundary quotient and Q S .
2.3. The a-adic algebras. Our aim is to compute the K-theory of Q S , and for this we need to make use of a certain duality result [KOQ14, Theorem 4.1] that allows us to translate our problem into real dynamics. This will be explained in the next section, but let us first recall the definition and some facts about a-adic algebras from [KOQ14] and [Oml13] , see also [HR79, Sections 10 and 25] for more on a-adic numbers.
Let a = (a k ) k∈Z be a sequence of numbers in N × \ {1}, and define the a-adic numbers as the abelian group of sequences
under addition with carry (that is, like a doubly infinite odometer). The family of all subgroups {x ∈ Ω a : x k = 0 for k < } form a neighborhood basis of the identity. This induces a topology that makes Ω a a totally disconnected, locally compact Hausdorff group. The a-adic integers is the compact open subgroup
For k ∈ Z, define the sequence (e k ) = δ k . For k ≥ 1, we may associate the rational number (a −1 a −2 · · · a −k ) −1 with e −k to get an injective group homomorphism from the non-cyclic subgroup
into Ω a with dense range. Note that N a contains Z ⊂ Q, and by identifying N a and Z ⊂ N a with their images under the embedding into Ω a , it follows that N a ∩ ∆ a = Z.
The subgroups N a ∩ {x ∈ Ω a : x k = 0 for k < } for ∈ Z give rise to a subgroup topology of N a , and Ω a is the Hausdorff completion (i.e. inverse limit completion) of N a with respect to this filtration. Therefore, the class of a-adic numbers Ω a comprises all groups that are Hausdorff completions of non-cyclic subgroups of Q. Loosely speaking, the negative part of the sequence a determines a subgroup N a of Q, and the positive part determines a topology that gives rise to a completion of N a . Given a sequence a, let a * denote the dual sequence defined by a * k = a −k , and write N * a and Ω * a for the associated groups. Let H a be any non-trivial subgroup of Q × + acting on N a by continuous multiplication, meaning that for all h ∈ H a , the map N a → N a , x → hx is continuous with respect to the topology described above. The largest subgroup with this property is generated by the primes dividing infinitely many terms of both the positive and negative tail of the sequence a, see [KOQ14, Corollary 2.2], so we must assume that this subgroup is non-trivial (which holds in the cases we study). Then H a also acts on Ω a by multiplication, and therefore N a H a acts on Ω a by an ax + b-action.
Clearly, interchanging a and a * and manipulating the position of a 0 will not affect any structural property on the level of algebras. In fact, for our purposes, it will usually be convenient to assume that a = a * . Therefore, we will often use the positive tail of the sequence a in the description of N a , and think of N a as the inductive limit of the system {(Z, ·a k ) : k ≥ 0} via the isomorphism induced by
Remark 2.14. An immediate consequence of (4) is that
Moreover, by writing
and checking how the translation action of 1 a0···a k Z interchanges the components of this sum, one sees that
In particular, the natural embeddings of the increasing union above translates into embeddings into the upper left corners. Hence, it follows that C 0 (Ω a ) N a is also stable. . It is well known that there is a one-to-one correspondence between supernatural numbers and non-cyclic subgroups of Q containing 1, and that the supernatural numbers form a complete isomorphism invariant both for the UHF algebras and the Bunce-Deddens algebras, see [Gli60] and [BD75] .
and thus the supernatural numbers are a complete isomorphism invariant for the homeomorphism classes of a-adic integers. Now, as in Section 2, let S be a set consisting of relatively prime numbers, and let H + and H denote the submonoid of N × and the subgroup of Q × + generated by S, respectively. The sequence a S is defined as follows: Since H + is a subset of N × , its elements can be sorted into increasing order 1 < a S,0 < a S,1 < · · · , where a S,0 = min S. Finally, we set a S,k = a S,−k for k < 0. If S is a finite set, an easier way to form a suitable sequence a S is to let q denote the product of all elements of S, and set a S,k = q for all k ∈ Z. In both cases, a * S = a S and N a S = N . Henceforth we fix such a sequence a S and denote Ω a S and ∆ a S by Ω and ∆, respectively. The purpose of self-duality of a S is to have N * = N , making the statement of Theorem 3.1 slightly more convenient by avoiding the explicit use of N * . The sequences a S are the ones associated with supernatural numbers d for which d(p) ∈ {0, ∞} for every prime p. In this case (5) implies that
where the latter denotes the restricted product with respect to {Z p : p ∈ P }. Remark 2.16. The spectrum of the commutative subalgebra D S of Q S from Definition 2.5 coincides with the a-adic integers ∆ described in (3). Indeed, for every X = m + hZ ∈ F, the projection e X in D S corresponds to the characteristic function on the compact open subset m + h∆ of ∆. Moreover, this correspondence extends to an isomorphism between the C * -algebra B S ∼ = D S Z of Definition 2.7 and C(∆) Z, which is equivariant for the natural H + -actions on the algebras, both denoted by α.
Let us write e for the projection in Q(a S , H) representing the characteristic function on ∆ in C 0 (Ω). It is explained in [Oml13, Section 11.6 ] that e is a full projection, and thus, by using Remark 2.16 together with (1), we have
In fact, since N coincides with (H + ) −1 Z, the above also follows from [Lac00] . Moreover, the argument in [Oml13] does not require H to be non-trivial, so it can be used together with Remark 2.16 and (1) to get
Hence, by applying Remark 2.14 we arrive at the following result:
Proposition 2.17. The stabilization of Q S is isomorphic to Q(a S , H), and the stabilization of B S is isomorphic to C 0 (Ω) N .
Therefore Proposition 2.17 gives an alternative way to see that Q S is a unital UCT Kirchberg algebra, which is also a consequence of Proposition 2.10.
Comparison with real dynamics
Let S and H k be as specified in Section 2, a = (a k ) k∈Z in N × \ {1}, and H a a non-trivial subgroup of Q × + that acts on N a by continuous multiplication. For convenience, we will assume a * = a so that N * a = N a . Moreover, N a acts by translation and H a acts by multiplication on R, respectively, giving rise to an ax + b-action of N a H a on R. Let N a denote the Pontryagin dual of N a . By [KOQ14, Theorem 3.3], the diagonal embedding N a → R × Ω a has discrete range, and gives an isomorphism
By applying Green's symmetric imprimitivity theorem, see e.g. [Wil07, Corollary 4.11], we obtain that C 0 (Ω a ) N a ∼ M C 0 (R) N a , and this Morita equivalence is equivariant for the actions of H a by multiplication on one side and inverse multiplication on the other. The inverse map on H a does not have any impact on the crossed products, and thus
All the above is explained in detail in [KOQ14, Proof of Theorem 4.1]. Moreover, recall that UCT Kirchberg algebras are either unital or stable, so by using Proposition 2.17 we get: , that any a-adic algebra Q(a, H a ) is isomorphic to a crossed product C 0 (R) N a H a . Recall that N a can be any non-cyclic subgroup of Q and H a can be any non-trivial subgroup of Q × + that acts on N a by multiplication. In the present work, we limit our scope to the case where N a and H a can be obtained from a family S of relatively prime numbers for the benefit of a more concise exposition. In a forthcoming project, we aim at establishing analogous results to the ones proven here for all a-adic algebras.
Remark 3.3. By employing the description of N a from (4), we can write C 0 (R) N a as an inductive limit. For k ≥ 0, define the automorphism γ k of C 0 (R) by
Under the identification in (4), these automorphisms give rise to the natural N a -action on C 0 (R), where γ k corresponds to the generator for the kth copy of Z. For k ≥ 0, let u k ∈ M(C 0 (R) γ k Z) denote the canonical unitary implementing γ k and consider the * -
for every f ∈ C 0 (R). The inductive limit description (4) of N a now yields an isomorphism
Remark 3.4. A modification of [Cun08, Lemma 6.7], using the inductive limit description from Remark 3.3, shows that C 0 (R) N a is stable. Hence, it follows from the above together with Remark 2.14 that C 0 (Ω a ) N a is isomorphic to C 0 (R) N a . In particular, Proposition 2.17 shows that the stabilization of B S is isomorphic to C 0 (R) N .
We will make use of this fact below. 
Proof. In the following, we denote by ι Na : C 0 (R) −→ C 0 (R) N a the canonical embedding, which is equivariant for the respective H a -actions β (and also β −1 ). We conclude this section by proving that ι Na induces an isomorphism between the corresponding K 1 -groups. Proof. Recall the isomorphism ϕ : lim
denotes the canonical * -homomorphism given by the universal property of the inductive limit.
As K 0 (C 0 (R)) = 0, the Pimsner-Voiculescu sequence [PV80] for γ k ∈ Aut(C 0 (R)) reduces to an exact sequence
For each k ≥ 0, the automorphism γ k is homotopic to the identity on R, so that K 1 (γ k ) = id. It thus follows that
is an isomorphism as well. Hence, by continuity of K-theory, K 1 (φ k,∞ ) is an isomorphism. It now follows from (8) that K 1 (ι Na ) is an isomorphism, which completes the proof.
A decomposition of the K-theory of Q S
In this section, we show that K * (Q S ) decomposes as a direct sum of a free abelian group and a torsion group, see Theorem 4.4 and Corollary 4.7. We would like to highlight that this is not just an abstract decomposition of K * (Q S ), but a result that facilitates a description of the two parts by distinguished C * -algebras associated to S, namely M d ∞ e α H + for the torsion part, and C 0 (R) β H for the free part. The free abelian part is then shown to have rank 2 |S|−1 , see Proposition 4.5, so that Q S and Q T can only be isomorphic if S and T have the same cardinality.
The following is the key tool for the proof of this section's main result, and we think it is of interest in its own right. 
and K 1 (ψ) are isomorphisms and K 1 (ϕ) and K 0 (ψ) are trivial. Then
is an isomorphism.
Proof. Consider the amplified action γ
given by entrywise application of γ.
is an isomorphism, as K 0 (η) = K 0 (ϕ) and K 1 (η) = K 1 (ψ). If k ∈ N, an iterative use of the naturality of the Pimsner-Voiculescu sequence and the Five Lemma yields that
) denote the canonical representations, respectively. The covariant pair given by the natural inclusion
It is easy to check that Φ A and Φ B are orthogonal and
given by the composition of the embedding C −→ M 2 (C) into the upper left corner with ϕ and the unitary representation e 11ũh , h ∈ Z k . Defineψ :
analogously by considering the embedding C −→ M 2 (C) into the lower right corner. By construction, the following diagram commutes
which shows that
Z k denote the isomorphism induced by the γ (2) -cocycle w. Then the following diagram commutes and the proof is complete:
Remark 4.2. Proposition 4.1 is true in a more general setting. In fact, Z k could be replaced by any locally compact group G with the following property: 
Theorem 4.4. The map
Proof. By combining Remark 4.3 with Lemma 3.5, there exist an H-action β on C 0 (R) N that is exterior equivalent to β −1 , and a non-degenerate α ∞ -β-equivariant * -homomorphism ψ : M d ∞ ,∞ → C 0 (R) N , namely the one coming from the composition
Since K 1 (j ∞ ) = 0 and K 0 (j ∞ ) is an isomorphism by Remark 4.3, the same also holds for K 1 (ψ) and K 0 (ψ), respectively. Now Proposition 3.6 gives that K 0 (ι N ) is trivial and K 1 (ι N ) is an isomorphism. As ψ and ι N are non-degenerate,
is an isomorphism by Proposition 4.1, where κ :
denotes the isomorphism induced by a fixed β −1 -cocycle defining β. Since K * (j e H + ) corresponds to K * (j ∞ H) under the isomorphisms induced by the minimal automorphic dilations, we also get that K * 
.1, the conclusion follows.
We will now show that the two summands appearing in Theorem 4.4 correspond to the torsion and the free part of K * (Q S ), respectively. Proof. The result holds for any non-trivial subgroup H of Q × + , and we prove it in generality, not necessarily requiring H to be generated by S. Suppose that k is the (possibly infinite) rank of H. Let {h i : 0 ≤ i ≤ k} be a minimal generating set for H. For t ∈ [0, 1] and
given by γ hi (f )(t) =β hi,t (f (t)). We have the following short exact sequence of C * -algebras:
The Pimsner-Voiculescu sequence shows that K * (C 0 ((0, 1], C 0 (R)) γ H) = 0, where we also use continuity of K-theory if k = ∞. The six-term exact sequence corresponding to the above extension now yields that K * (ev 0 H) is an isomorphism. A similar argument shows that K * (ev 1 H) is an isomorphism. We therefore conclude that for i = 0, 1,
This completes the proof as α H + , we conclude that this C * -algebra is in fact isomorphic to the natural subalgebra A S of Q S that is generated by all the isometries u m s p with p ∈ S and 0 ≤ m ≤ p − 1, see Corollary 5.4. By Corollary 4.7, it thus follows that the canonical inclusion A S −→ Q S induces a split-injection onto the torsion subgroup of K * (Q S ). Due to this remarkable feature, we call A S the torsion subalgebra of Q S .
We then present two additional interesting perspectives on the torsion subalgebra A S . Firstly, A S can be described as the boundary quotient of the right LCM subsemigroup
, see Proposition 5.5. This yields a commutative diagram which might be of independent interest, see Remark 5.6. Secondly, the boundary quotient perspective allows us to identify A S for k := |S| < ∞ with the C * -algebra of the k-graph Λ S,θ consisting of a single vertex with p loops of color p for every p ∈ S, see Corollary 5.8. Quite intriguingly, Λ S,θ differs from the canonical k-graph model Λ S,σ for p∈S O p only with respect to its factorization rules, see Remark 5.9. In fact, the corresponding C * -algebras coincide for |S| ≤ 2, see Proposition 5.10. After obtaining these intermediate results, we were glad to learn from Aidan Sims that, in view of Conjecture 5.11, it is reasonable to expect that the results for |S| ≤ 2 already display the general form, i.e. that A S is always isomorphic to p∈S O p .
Proposition 5.1. The embedding
In particular, this isomorphism intertwinesᾱ and the natural H + -action on the sequence algebra induced by α. We therefore need to construct a α -ᾱ-equivariant * -homomorphism χ :
a k is a * -homomorphism. Thus, the family (χ p ) p∈H + gives rise to a * -homomorphism χ :
Using the inductive limit description of B S from Remark 2.8, we can think of B S as a subalgebra of p∈H
. Moreover, because of the concrete realization of M d ∞ as the inductive limit associated with (M p (C), ι p,pq ) p,q∈H + , we have that χ restricts to the canonical embedding ι on M d ∞ . Hence, (9) is commutative, when we ignore the question of equivariance, or, in other words, ι is sequentially split as an ordinary * -homomorphism. However, we claim that we also have a commutative diagram (10)
Let us expand this diagram for fixed p and arbitrary q ∈ H + to:
It is clear that the four outer chambers are commutative, so we only need to check the centre. For every 0 ≤ i, j ≤ q − 1, we get
. This establishes the claim as we have 
Again by the universal property of semigroup crossed products, there is a natural * -homomorphism ψ : We will now see that simplicity enables us to identify M d ∞ e α H + with the following natural subalgebra of Q S , whose name is justified by the next result.
Definition 5.3. The torsion subalgebra
Note that for S = {p}, the subalgebra A S is canonically isomorphic to O p . Proof. A S contains the copy of M d ∞ ⊂ B S described in Remark 2.8. Together with s p , p ∈ S, which are also contained in A S , this defines a covariant representation of (
is simple, so this map is an isomorphism. The second claim is due to Corollary 4.7.
Let us continue with the representation of A S as a boundary quotient. When |S| = k < ∞, this will lead us to a k-graph model for A S that is closely related to the canonical k-graph representation for p∈S O p , see Remark 5.9. Consider the subsemigroup
and N H + is right LCM. We note that U can be used to describe N H + as a Zappa-Szép product U N, where action and restriction are given in terms of the generator 1 ∈ N and (m, h) ∈ U by
In the case of H + = N × this has been discussed in detail in [BRRW14, Subsection 3.2] and the very same arguments apply for the cases we consider here.
Proposition 5.5. A S is canonically isomorphic to the boundary quotient Q(U ).
Proof. Recall that Q(U ) is the quotient of the full semigroup C * -algebra C * (U ) by relation (2). In particular, it is generated as a C * -algebra by a representation v of U by isometries whose range projections are denoted v (m,h) v * (m,h) = e (m,h)U for (m, h) ∈ U . For every h ∈ H + , we get a family of matrix units (
is an accurate foundation set for U . That is to say that, for each u ∈ U , there is 0 ≤ m ≤ h − 1 such that uU ∩ (m, h)U = ∅, and (m, h)U ∩ (n, h)U = ∅ unless m = n, see [BrSt] for further details. Since
In fact, we get a covariant representation for (
) , see Corollary 5.4. The map is surjective, and due to Corollary 5.2, the domain is simple so that ϕ is an isomorphism.
Remark 5.6. Conceptually, it seems that there is more to Proposition 5.5 than the proof entails: There is a commutative diagram (13)
with ι induced by U ⊂ N H + and ϕ as in the proof of Proposition 5.5. The fact that ι is an injective * -homomorphism follows from [BLS, Proposition 3.6] : N H is amenable and hence [BLS16, Example 6.3] , and similarly C * (U ) ∼ = C * r (U ). Note that the bottom row of (13) is given by A S −→ Q S , see Proposition 2.12 and Proposition 5.5.
By Corollary 5.4 and Proposition 5.5, the torsion part of the K-theory of the boundary quotient of N H + arises from the boundary quotient of the distinguished submonoid U , which in fact sits inside Q(N H + ) in the natural way. For the remainder of this section, we will assume that S is finite with cardinality k. This restriction is necessary in order to derive a k-graph model for A S , which we obtain via the boundary quotient representation of A S . Note that for p, q ∈ N × and (m, n) ∈ {0, . . . , p − 1} × {0, . . . , q − 1}, there is a unique pair (n , m ) ∈ {0, . . . , q − 1} × {0, . . . , p − 1} such that m + pn = n + qm . In other words, the map , and hence define a row-finite k-graph Λ S,θ . Indeed, this is obvious for k = 2. For k ≥ 3, let p, q, r ∈ S be pairwise distinct elements and fix 0 ≤ m t ≤ t − 1 for t = p, q, r. We compute t (m,p) ) p∈S,0≤m≤p−1 subject to the relations:
Proof. We will work with Q(U ) in place of A S and invoke Proposition 5.5. Condition (i) guarantees that (m, p) → t (m,p) yields a representation of U by isometries as U is generated by (m, p) with p ∈ S, 0 ≤ m ≤ p − 1, and (m, p)(n, q) = (m + pn, pq) = (n , q)(m , p).
(ii) holds for arbitrary p ∈ H + if we write t (m,p) for the product
It is then straightforward to verify that we get a * -homomorphism C * (U ) → C * (Λ S,θ ). Now let F ⊂ U be a foundation set and set h := lcm({h : (m , h ) ∈ F for some 0 ≤ m ≤ h − 1}). Then Note that C * (Λ) and C * (Λ ) are indeed unital UCT Kirchberg algebras, as separability, nuclearity and the UCT are automatically satisfied, see [KP00, Theorem 5.5]. We will come back to Conjecture 5.11 at the end of the next section.
Towards a classification of Q S
This final section provides a survey of the progress on the classification of Q S that we achieve through the preceding sections and a spectral sequence argument for K * (A S ), see Theorem 6.1 and Theorem 6.4. Recall that N = Z { 1 p : p ∈ S} and g S denotes the greatest common divisor of {p − 1 : p ∈ S}. We begin by stating our main result. 
where K i (A S ) is a torsion group. Moreover, the following statements hold: . By virtue of (a), Theorem 6.1 also explains why Q N and Q 2 have torsion free K-groups. More importantly, it shows that the presence of 2 in the family S is not the only way to achieve this. Indeed, S can contain at most one even number. If g S = 1, then S must contain an even number, and there are many examples, e.g. S with 2 m + 1, 2n ∈ S for some m, n ≥ 1.
In view of the Kirchberg-Phillips classification theorem [Kir, Phi00] , we get the following immediate consequence of Theorem 6.1. Observe that the decomposition of K * (Q S ) claimed in Theorem 6.1 follows from Corollary 4.7, Proposition 4.5 and Corollary 5.4. To prove our main result, it is therefore enough to establish the following theorem reflecting our present knowledge on the torsion subalgebra A S , an object which is certainly of interest in its own right. Note that in the case of infinite S with g S > 1, part (d) still makes sense within the realm of supernatural numbers. Based on Theorem 6.1 and Theorem 6.4, we suspect that the general situation is in accordance with Conjecture 5.11: Conjecture 6.5. For a family S ⊂ N × \ {1} of relatively prime numbers with |S| ≥ 2, A S is isomorphic to p∈S O p . Equivalently, Q S is the unital UCT Kirchberg algebra with
where e 1 = (δ 1,j ) j ∈ (Z/g S Z) For the proof of Theorem 6.4, we will employ the isomorphism
α H and make use of a spectral sequence by Kasparov constructed in [Kas88, 6 .10]. Let us briefly review the relevant ideas and refer to [Bar] for a detailed exposition. Given a C * -dynamical system (B, β, Z k ), we can consider its mapping torus
It is well-known that
, see e.g. [Bar, Section 1]. The mapping torus admits a finite cofiltration
arising from the filtration of R k by its skeletons
As for filtrations of C * -algebras by closed ideals [Sch81] , there is a standard way relying on Massey's technique of exact couples [Mas52, Mas53] of associating a spectral sequence to a given finite cofiltration of a C * -algebra. In this way, the cofiltration (14) yields a spectral sequence ( 
Furthermore, the spectral sequence collapses at the (k + 1)th page, so that E ∞ = E k+1 .
By Bott periodicity, we have that (E p,q+2 , d p,q+2 ) = (E p,q , d p,q ) for all p, q ∈ Z. In particular, the E ∞ -term reduces to E p,q ∞ with p ∈ Z and q = 0, 1. Remark 6.8. Let us recall the meaning of convergence of the spectral sequence (E , d ) ≥1 . For q = 0, 1, consider the diagram
Define Proof. Recall that S consists of relatively prime numbers, N = Z { 1 p : p ∈ S} and let us simply write g for g S = gcd({p − 1 : p ∈ S}). The map N/gN → Z/gZ, 1 r + gN → s + gZ, where r is a natural number and s is the unique solution in {0, 1, . . . , g − 1} of rs = 1 (mod g), defines a group homomorphism. To see this, note first that for every p ∈ P there is a q ∈ S such that p|q, i.e. gcd (q − 1, p) = 1. Therefore, gcd (g, p) = 1 for all p ∈ P . If 1 r ∈ N , then all the prime factors of r come from P , and it follows that gcd (g, r) = 1. Thus, the above map is well-defined and extends by addition to the whole domain. Moreover, every s appearing as a solution is relatively prime with g, meaning that the kernel is gN , i.e. the map is injective. Finally, the inverse map is given by 1 + gZ → 1 + gN .
For the second part, set g k = g k / max (gcd (g k , r)), where the maximum is taken over all natural numbers r such that Proof. Note that N is torsion free and hence a flat module over Z. Thus, an application of Lemma 6.10 yields
and Lemma 6.11 shows that N/g k N is isomorphic to a subgroup of Z/g k Z. The second claim follows from the input data. 
, we face k iterative extensions of the form:
. . . . . .
we will thus arrive at K k+q (M Remark 6.14. It is possible to say something about the case |S| = 3, though the answer is incomplete: Noting that E
